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ABSTRACT
Weak lensing of galaxies and CMB photons through the large-scale structure of the
Universe is one of the most promising cosmological probes with upcoming experiments
dedicated to its measurements such as Euclid/LSST and CMB Stage 4 experiments.
With increasingly precise measurements, there is a dire need for accurate theoreti-
cal predictions. In this work, we focus on higher order statistics of the weak lensing
convergence field, namely its cumulants such as skewness and kurtosis and its one-
point probability distribution (PDF), and we quantify using perturbation theory the
corrections coming from post-Born effects, meaning beyond the straight-line and in-
dependent lenses approximations. At first order, two such corrections arise: lens-lens
couplings and geodesic deviation. Though the corrections are small for low source red-
shifts (below a few percents) and therefore for galaxy lensing, they become important
at higher redshifts, notably in the context of CMB lensing, where the non-gaussianities
computed from tree-order perturbation theory are found to be of the same order as
the signal itself. We include these post-Born corrections on the skewness into a pre-
diction for the one-point convergence PDF obtained with large deviation theory and
successfully test these results against numerical simulations. The modelled PDF is
indeed shown to perform better than the percent for apertures above ∼ 10 arcminutes
and typically in the three sigmas region around the mean.
Key words: cosmology: theory – large-scale structure of Universe – gravitational
lensing: weak – methods: analytical, numerical
1 INTRODUCTION
When trying to extract (cosmological) information from cos-
mic fields, it is common to focus on power spectra (in Fourier
space) or two-point correlation function (in real space) but
those observables contain only complete statistical informa-
tion for pure Gaussian random fields. However, even starting
from Gaussian initial conditions, the subsequent non-linear
time evolution of matter density fluctuations develop signifi-
cant non-Gaussianities, in particular for small scales and late
times. This justifies the need for the theoretical development
of non-Gaussian observables, in particular with the advent of
future large galaxy surveys. Many different strategies have
been put forward over the course of the last decades for
which we mention recent applications, such as peak counts
(Kacprzak et al. 2016; Shan et al. 2018), Minkowski func-
tionals (Marques et al. 2019), voids (Krause et al. 2013) or
one-point probability distribution function (hereafter PDF)
(Gruen et al. 2018). In particular, PDFs are shown to be a
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very interesting probe that, on the one hand, can be fully
modelled from first principles (Uhlemann et al. 2016) and,
one the other hand, can be easily applied to real data of-
fering potentially much more information (see for instance
Codis et al. 2016a, for an illustration on the dark energy
equation of state) that can help break some degeneracies as
was shown for instance in Uhlemann et al. (2019) notably
for the case of the mass of neutrinos.
Given the promises of cosmic field PDFs, recently the
one-point PDF of the lensing convergence in cones in the
quasi-linear regime was modelled from first principles using
large deviation theory in Barthelemy et al. (2020) – which
is strictly speaking equivalent to computing all the cumu-
lants of the field at tree-order in perturbation theory as was
shown in Bernardeau (1992) and Valageas (2002). However
in Barthelemy et al. (2020) the convergence was modelled
as a weighted integral over the underlying non-linear den-
sity field – therefore assuming independent lenses – along
the un-perturbed line-of-sight. Hence, two ingredients were
neglected: i) couplings between the lenses which state that
the combination of lenses in geometrical optics is not lin-
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ear, and ii) the fact that background lenses are themselves
lensed by foreground lenses, thus changing the overall tra-
jectory of light rays. These terms will tend to Gaussianise
the convergence field since they characterise the introduc-
tion of random deflections along the light path which will in
turn tend to diminish the impact of the non-linear cluster-
ing of matter. The mind picture one could form is that of
clustered chunks of matter blurred by this lensing terms.
Those corrections, often called post-Born corrections in
the literature, have been studied for a long time, we refer
the reader to classical weak-lensing reviews and textbooks
for more details (see for example Bartelmann & Schneider
(2001)). Note that at second order in the gravitational po-
tential, Bernardeau et al. (2010) computed all corrections
to the shear field in a full sky relativistic setup and found
that all other terms apart from post-Born corrections are
strictly general relativistic and only important at large an-
gular scales which does not preoccupy us here. We will there-
fore focus only on post-Born and non-linear corrections here.
At the level of cosmic shear experiments, that is for red-
shift of source galaxies of order 1 and sufficiently large scales,
the power spectrum of the convergence field is very insen-
sitive to post-Born corrections, which, as shown by Shapiro
& Cooray (2006), are several orders of magnitudes below
the signal, and only become more important than cosmic
variance for a full-sky survey at really small scales down
to which other uncertainties arise such as baryonic physics.
This was confirmed for instance by Hilbert et al. (2009)
with the help of ray-tracing through N-Body simulations
which showed that the first-order (in the Newtonian po-
tential) approximation provides us with an excellent fit to
cosmic-shear power spectra as long as the exact (fully non-
linear) matter power spectrum is used as an input. Using
the same simulations, cosmic-shear B-modes, which are in-
duced by post-Born corrections and lens-lens coupling, were
also found to be at least three orders of magnitude smaller
than cosmic-shear E-modes. Going beyond the convergence
and shear, Schäfer et al. (2012) focused on the cosmic flexion
and showed that post-Born corrections to the flexion power
spectra are roughly four order of magnitudes below the sig-
nal at redshift of order 1, again much below the cosmic-
variance limit. As for non-Gaussian statistics, Bernardeau
et al. (1997) for the convergence and Schneider et al. (1998)
for the aperture mass both showed that the correction in-
duced on the skewness was also negligible for sources at
redshift around 1, the corrections being smaller than the
errors induced by using the tree-order perturbation theory
result to get the skewness, which was also confirmed extract-
ing those skewness corrections from numerical simulations
(Petri et al. 2017). Hence making use of the standard defini-
tion of weak-lensing quantities neglecting post-Born correc-
tions is supposedly enough for the majority of weak-lensing
experiments as long as very small scales are not considered.
Also note that the addition of baryons does not change this
picture (Gouin et al. 2019).
In the context of CMB lensing, post-Born corrections
also have a negligible effect onto power spectra: they appear
to be irrelevant for the E-mode temperature and polarisation
power spectra and differences on the B-modes power spec-
tra only show up at very small scales (` ≥ 3000) (Pratten &
Lewis 2016; Marozzi et al. 2018; Fabbian et al. 2018). Simi-
lar findings are reported on the cross-correlation between the
thermal Sunyaev-Zeldovich effect and the observed conver-
gence (with supplementary terms coming from the reduced
shear), the correction being several order of magnitude be-
low the first-order result and under the cosmic-variance limit
up until very large angular scales (` ∼ 4000) as shown by
Tröster & Van Waerbeke (2014). However, post-Born ef-
fects might be important for other CMB lensing observ-
ables, for instance when cross-correlating galaxy counts and
CMB lensing convergence (Böhm et al. 2019; Fabbian et al.
2019) or when cosmic shear maps is used to reconstruct the
lensing potential power spectra for which a significant bias
appears when neglecting both post-Born terms and the non-
Gaussianity of the large-scale structure (Böhm et al. 2016,
2018; Beck et al. 2018). Post-born corrections also seem im-
portant for higher-order statistics of CMB lensing. As an
example, their contribution to the CMB convergence bispec-
trum is at a comparable amplitude than the signal coming
from gravitational non-linearities (Pratten & Lewis 2016;
Fabbian et al. 2018) and therefore has to be accounted for
if bispectrum is used to constrain possible modifications of
gravity (Namikawa et al. 2018) although this might not be
observable even with stage-IV type experiments (Namikawa
et al. 2019).
In this work we focus on the convergence one-point
PDF which was showed to be of significant importance by
Liu et al. (2016) since the covariance between PDF and
power-spectrum is relatively small so that there is infor-
mation to be gained by studying the PDF. Its study no-
tably provides an improvement of 30% on the Ωm−σ8 error
contour once added to the power spectrum. We specifically
focus on adding post-Born corrections from first principles
into the large-deviation formalism derived by Barthelemy
et al. (2020). To this aim, we first re-derive in Section 2
the optical Sachs equation from basic general relativity, and
the linear deformation matrix when solving the equation
on a linearly perturbed flat Friedman-Lemaitre-Robertson-
Walker (FLRW) spacetime. We then introduce Newtonian
non-linearities in the matter density field and coupling terms
between lenses beyond the Born approximation. We then
compute in Section 3 how those post-Born terms impact
the convergence skewness and take this correction into ac-
count into the large-deviation formalism in order to compute
the one-point post-Born convergence PDF in Section 4. This
corrected formalism is successfully tested against numerical
simulations. Finally, Section 5 wraps up.
2 POST-BORN CORRECTIONS TO THE
WEAK LENSING FIELDS
In order to eventually derive the post-Born corrections to
the skewness of the convergence field (see Section 3), let us
first recall here the Sachs equation, the formalism to add
perturbations on top of a flat spacetime metric, how to get
the effective projected curvature along the null geodesics re-
sponsible for the lensing effect, before expressing the weak
lensing fields (that is to say the deformation matrix) at sec-
ond order in perturbation theory. By doing so, we will get
an explicit formula for the so-called lens-lens coupling and
geodesic deviation that appear at this order. In all deriva-
tions throughout the paper, we use Einstein’s summation
convention and natural units where c = H0 = 1.
MNRAS 000, 1–17 (2020)
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2.1 Sachs equation
The weak lensing formalism aims at computing the so-called
2x2 deformation matrix Dab which links the infinitesimal
separation between two nearby null geodesics ξa and the vec-
torial angle seen by the observer between the two geodesics
θaO. If one notes a(z) the cosmological scale factor, it is ex-
pressed as
ξa = a(z)DabθbO. (1)
Note that the vectors ξa and θaO are two-dimensional since
expressed in the basis of the screen that the observer looks
at. The evolution equation for Dab is the optical Sachs equa-
tion (re-derived in Appendix A where some references are
also given) which reads
d2
dλ2 a(z)Dab = a(z)R
c
a Dcb, (2)
where Dab(0) = 0 and dDab/dλ(0) = δab with δab the iden-
tity matrix. These conditions express that the geodesics are
focused at the observer and that spacetime near the ob-
server is Euclidean. λ parametrises the geodesics in such a
way that we assume the same value at the observer, λO = 0,
and the optical tidal tensor Rab is expressed from the Rie-
mann curvature contracted with null vectors kν and screen
basis-vectors nµa and nσb ,
Rab ≡ Rµνρσkνkρnµanσb . (3)
2.2 FLRW optical tidal tensor
Up to this point no usual weak lensing approximations were
made (e.g weak fields which will be used in this section and
Born approximation which only enters in the next section).
We will now compute the matrix Rab given a linearly per-
turbed flat FLRW metric which, given the Newtonian gauge
and spherical coordinates, can be expressed as
ds2 = −(1 + 2ψ)dt2 + a2(t)(1− 2φ) [dx2 + x2dΩ2], (4)
with dΩ2 = dθ2 + sin2 θdϕ2. According to the definition
given in equation (3), we need to contract the Riemann cur-
vature tensor at first order in φ and ψ with the 4-momentum
of the photon kµ and nµa computed at the background so
that Rab is also first order - linear - in φ and ψ. The Rie-
mann tensor is straightforwardly computed from the metric
so that only remains the need to express kµ and nµa . This
can be done noticing that the geodesics of interest are given
by dθ = dϕ = ds = 0 which gives the relation between dt
and dx and thus between k0 ≡ dt/dλ and k1 ≡ dx/dλ. kµ is
therefore proportional to (−1, 1/a(t), 0, 0) and the propor-
tionality factor comes from the resolution of the geodesic
equation. Finally we get
kµ = 1
a(t) (−1, 1/a(t), 0, 0). (5)
We are relatively free to choose the vectors nµa since only
orthogonality conditions must be satisfied. We choose them
proportional to (0, 0, 1, 0) and (0, 0, 0, 1) where the prefac-
tors are again obtained with the geodesic equation. Thus,
the screen basis vectors eventually read
nµ1 =
1
a(t)x (0, 0, 1, 0)
nµ2 =
1
a(t)x sin(θ) (0, 0, 0, 1)
. (6)
Then plugging equations (5)-(6) into equation (3) we obtain
that at first order in φ
Rab = 1
a2(t) [−(φ,ab + ψ,ab)− 4piGρ¯δab] , (7)
where the derivatives are taken along the transverse spa-
tial components and where we used the fact that for a flat
universe and a pressure-less fluid
a˙2 − aa¨
a2
= −H˙ = 32H
2 = 4piGρ¯. (8)
Moreover, in a universe without anisotropic stress, the case
considered here, we also have φ = ψ. Given the relation
between the scale factor and redshift together with the co-
moving Poisson equation
∆φ = 4piGρ¯δmass, (9)
where δmass = (ρ − ρ¯)/ρ¯ is the density contrast, ∆ is the
three-dimensional Laplacian operator and derivatives are
taken with respect to proper distances, one eventually gets
– up to a total derivative in λ with no observational conse-
quences –
Rab = −32Ωm(1 + z)
5 [δab + φ,ab] , (10)
where we redefined φ such that 12 ∆φ = δmass. Since this
result was computed by linearly perturbing the metric, the
potential defined is a reflection of the density contrast com-
puted in the linear regime. Note moreover that for our pur-
poses, Newtonian perturbation theory will be sufficient for
the description of the higher order density field and thus
Rab can be expanded following
Rab = R(0)ab +R(1)ab +R(2)ab + ... (11)
= −32Ωm(1 + z)
5
[
δab + φ(1),ab + φ
(2)
,ab + ...
]
(12)
where 12 ∆φ
(n) = δ(n)mass. Moreover we will suppose that Dab
can also be expanded with respect toRab. Thus equation (2)
gives a hierarchy of equations for D(n)ab that can be solved
order by order.
2.3 Deformation matrix at second order
The zeroth order version of equation (2) corresponds to the
case of an homogeneous universe for which one gets
d2[a(λ)D0(λ)]
dλ2 = −
3
2Ωm(1 + z)
4D0(λ), (13)
whose - only - solution is a well-known result of standard
flat FLRW cosmology,
D0(λ(z)) =
∫ z
0
dz′
H(z′) . (14)
MNRAS 000, 1–17 (2020)
4 A. Barthelemy et al.
Going one step further, the first order equation can be writ-
ten as
d2[a(λ)D(1)ab (θ, λ)]
dλ2 +
3
2Ωm(1 + z)
4D(1)ab (θ, λ) =
− 32Ωm(1 + z)
4D0(λ)φ(1),ab(θ, λ), (15)
with D(1)ab
∣∣∣
z=0
= 0 and dD(1)ab /dλ
∣∣∣
z=0
= 0. Note that the associ-
ated homogeneous equation is the zeroth order one and thus
the Green function H(z)D0(z′, z) is essentially the angular
comoving distance between the redshift of the source and
some other redshift. We thus obtain the first order expres-
sion of the deformation matrix by integrating this Green
function on the source term
D(1)ab (θ, z) = −
3
2Ωm
∫ z
0
dz′
H(z′)D0(z
′, z)D0(z′)
(1 + z′)φ(1),ab(θ, z
′). (16)
Getting to this result requires expressing equation (15)
in terms of redshift derivatives coming from dλ =
(1 + z)−2H(z)−1dz which parameterises the unperturbed
geodesic. This makes use of the Born approximation that
will be corrected for in the paragraphs below.
The second order equation can be similarly written as
d2
[
a(z)D(2)ij (θ, z)
]
dλ2 − a(z)R
(0)
ik (z)D(2)kj (θ, z) = −
3
2Ωm
(1 + z)4φ(2)ij (θ, z)D0(z) + a(z)R(1)ik (θ, z)D(1)kj (ξ, z), (17)
where we once again recognise the zeroth order equation in
the left-hand side so that the deformation matrix at second
order eventually reads
D(2)ab (θ, z) = −
3
2Ωm
∫ z
0
dz′
H(z′)D0(z
′, z)D0(z′)(1 + z′)[
φ
(2)
,ab(θ, z
′) + φ
(1)
,ac(θ, z′)D(1)cb (θ, z′)
D0(z′)
]
. (18)
Note that the structure of the first term in equation (18)
is very similar to the first order result obtained in equa-
tion (16), that is a weighted superposition of second deriva-
tives of the gravitational potential taken at the same order.
This contribution exactly corresponds to summing the result
of independent single thin lenses along the line-of-sight us-
ing geometrical optics. This is thus exact only at first order.
The structure of the second term in equation (18) – a dou-
ble integral – accounts for couplings between the lenses: the
effect of one particular lens along the line-of-sight depends
on the effect of all the lenses upstream. In other words, the
impact parameter of a photon passing through one lens de-
pends on the source but also on the other lenses the photon
passed by. More quantitatively, one can also understand this
second term as a generic optical geometric correction whose
form appears when one rigorously treats the case of more
than one thin lens. This contribution is one of the two post-
Born corrections we intend to account for, the other one
comes from the fact that lenses themselves are lensed and
therefore are not exactly at the angular position they would
have been in the absence of lenses. This could have been
directly taken into account if we for example knew how to
link the perturbed geodesic parameter to redshift and then
had followed the exact same steps as presented here. This
will be investigated in the paragraph named "geodesic devi-
ation" of Section 2.4 below. Before that, let us first go from
the deformation matrix to the convergence field.
2.4 Convergence at second order
We now define as usual the convergence field as the isotropic
deformation of the bundle of light
κ = 1− 12Tr
[Dab
D0
]
. (19)
From equations (16) and (18), noting that κ can also be
expanded with respect to the density field and has no (0)
component, we get the convergence at first and second order
κ(1)(θ, z) = 32Ωm
∫ z
0
dz′
H(z′)
D0(z′, z)D0(z′)
D0(z)
× (1 + z′)δ(1)mass(θ, z′), (20)
κ(2)(θ, z) = 32Ωm
∫ z
0
dz′
H(z′)
D0(z′, z)D0(z′)
D0(z) (1+z
′)δ(2)mass(θ, z′)
+ κ(2)corr.1(θ, z) (21)
where κ(2)corr.1(θ, z) gathers contributions from the coupling
of lenses that are second order in the field (there is none at
first order as stated above for the deformation matrix) and
will be explicitly given below. Before, discussing each term
one by one, let us first note that the weighting factor along
the line-of-sight defined by
ω(z′, z) = 32Ωm
D0(z′, z)D0(z′)
D0(z) (1 + z
′), (22)
usually called lensing efficiency function or lensing kernel,
characterises the efficiency of the lenses along the line-of-
sight. Note also that we use ∆φ(n) = 2δ(n)mass to get equa-
tions (20) and (21) relying on the fact that the term φ,33,
where the direction 3 is along the line-of-sight, cancels out
in the integration. This corresponds to a plane-parallel ap-
proximation, that is to say only waves perpendicular to the
line-of-sight contribute to lensing, which holds in the small-
angle cases and is usually referred to as the Limber approx-
imation. Note that at the scales of interest here (namely
below the degree), this approximation is extremely accurate
(see for example Lemos et al. (2017) for an illustrative plot
for the power spectrum). Let us now discuss all terms that
contribute to the convergence field at second order, one by
one.
Born approximation with independent lenses First,
as shown in the previous derivation, the convergence κ gets
a contribution at every order from the integration along the
line-of-sight of the same order density contrast. This contri-
bution tends to be the dominant term. Thus it is common to
approximate the convergence by the density field projected
along the line-of-sight such that
κ(θ, z) =
∫ z
0
dz′
H(z′)ω(z
′, z)δmass(θ, z′), (23)
MNRAS 000, 1–17 (2020)
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Figure 1. Schematic view of possible trajectories of photons com-
ing from a source to an observer. Quantities of interest are labelled
as in the main text.
where δmass(θ, z′) is the non-linear matter density contrast.
However we have seen that this approximation is strictly
valid only in the linear regime and some corrections arise at
second order and beyond. Thus only in this approximation
is the convergence potential, and can therefore be seen as
the Laplacian of some projected gravitational potential. As
a consequence, only in this approximation schemes in the
spirit of Kaiser & Squires (1993) to reconstruct convergence
maps from observed shear maps can be applied. Though the
convergence could still also be reconstructed, for example,
from magnification of sources, formally taking into account
corrections to this approximation alters our ability to ac-
tually get to an "observed" convergence. Going beyond the
Born and independent lenses approximation, let us now dis-
cuss the post-Born corrections arising at this order.
Lens-lens coupling At second order the correction ac-
counts for the couplings of lenses along the line-of-sight and
can be written as1
κ
(2)
corr.1(θ, z) = −
1
2
∫ z
0
dz′
H(z′)ω(z
′, z)
∫ z′
0
dz′′
H(z′′)ω(z
′′, z′)
× φ(1),ab(θ, z′)φ(1),ab(θ, z′′) (24)
which comes directly from equations (18) and (21). This
term is exactly the same as the second term of equation (18)
already discussed, but now expressed for the convergence
rather than the full deformation matrix. Being typically neg-
ative, this corrective term typically contributes to gaussian-
ising the field and lessens the importance of quantities be-
yond the two-point correlation function.
Geodesic deviation In the derivation of the convergence,
we made use of the Born approximation, and therefore inte-
grate along the unperturbed line-of-sight. However, this ap-
proximation is not valid in a lumpy universe and one needs
to account for additional couplings between lenses due to
the perturbations of the trajectories of photons. Hence, let
us now include in the line-of-sight integrations the fact that
1 Let us re-emphasize here that there is an implicit summation
over the repeated indices and that indices a and b run only on the
transverse directions due to the use of the Limber approximation.
the potential and density are not to be taken at angular po-
sition θ, as in equation (20), but at θ + dθ where dθ is the
deflection induced by the foreground lenses. To compute its
value, first note that equation (1) shows that Dij/D0 is the
Jacobian of the local transformation from the real (source)
angle to the apparent (image) angle. Then considering a lens
equation of the type θSi = θOi +dθi
(
θO
)
, where we follow no-
tations of Fig. 1, provides us with a direct link between the
deflection angle dθi
(
θO
)
we are looking for and Dij . Using
equation (16), one gets at first order
dθ(1)a (θ, z) = −
∫ z
0
dz′
H(z′)
ω(z′, z)
D0(z′) φ
(1)
,a (θ, z′). (25)
Now taylor expanding the density contrast
δ(1)mass(θ + dθ, z) ≈ δ(1)mass(θ, z) +∇θδ(1)mass(θ, z) · dθ, (26)
and combining equations (26) and (20) yields an expression
for the leading order correction to the Born approximation
which is second order for the convergence (unsurprising since
it accounts for couplings between lenses and therefore cannot
appear at first order)
κ
(2)
corr.2(θ, z) = −
1
2
∫ z
0
dz′
H(z′)ω(z
′, z)
∫ z′
0
dz′′
H(z′′)ω(z
′′, z′)
D0(z′)
D0(z′′)φ
(1)
,aab(θ, z
′)φ(1),b (θ, z
′′), (27)
where derivatives are still taken with respect to transverse
spatial components. Note that similarly to (24), this cor-
rection also tends to gaussianise the field. This is natural
as the accumulation of successive almost independent kicks
along the line-of-sight can only tend to blur the field and
makes it seem more Gaussian. Finally note that the deriva-
tion of lensing quantities we presented here is done in many
references using the so-called Fermat’s principle. This ap-
proach leads to the same equations and is thus equivalent to
our formalism2. This is demonstrated in appendix B which
also contains the generalisation of the deformation matrix
at second order given by equation (18) with post-Born cor-
rections (see equation (B5)). Note that this equation could
also straightforwardly give the flexion after differentiation
with respect to the apparent angular position.
3 POST-BORN CORRECTIONS TO THE
SKEWNESS
3.1 Definition of the skewness
Given the second-order corrections to the convergence ob-
tained in the previous section, let us now compute the cor-
rections induced on the skewness of the convergence defined
as
S3,κ =
〈
κ3
〉
c
〈κ2〉2c
=
〈
κ3
〉
〈κ2〉2 , (28)
since moments and cumulants (connected part of the mo-
ments, denoted with the subscript c) are equal at second and
2 The complete derivation proposed in this paper therefore jus-
tifies the use of Fermat’s principle in this context.
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third order for a random variable with zero mean 〈κ〉 = 0.
The leading order term to the third moment is given by〈
κ3
〉
=
〈(
κ(1) + κ(2) + . . .
)3〉
=
〈(
κ(1)
)3〉+ 3〈(κ(1))2 κ(2)〉+ . . .
= 3
〈(
κ(1)
)2
κ(2)
〉
+ . . .
(29)
because the linear convergence does not admit a skewness
term if no primordial non-Gaussianities are assumed (as we
do in this work). As such, the leading order correction to the
skewness induced by the second order post-Born corrective
terms is given by
Scorr3,κ = 3
〈(
κ(1)
)2
κ
(2)
corr
〉
〈
(κ(1))2
〉2 . (30)
Finally, we are interested in the filtered convergence field.
Following Barthelemy et al. (2020) we use an angular
top-hat window of radius θ which reads in Fourier space
W [k⊥D0(z)θ] where k⊥ is the norm of k in the transverse
directions and
W (l) = 2J1(l)
l
, (31)
with J1 the first order Bessel function of the first kind. Note
that the linear variance of the convergence field filtered with
an opening angle of θ which enters equation (30) can be com-
puted from equation (20) as was done in Bernardeau et al.
(1997). In particular, the projection formula for cumulants
given in equation (14) of Barthelemy et al. (2020) yields〈(
κ
(1)
θ
)2〉
= 12pi
∫ z
0
dz′
H(z′)ω(z
′, z)2D+(z′)2∫ +∞
0
dk⊥k⊥Pl(k⊥)W (k⊥D0(z′)θ)2, (32)
where D+(z) is the linear growth factor and Pl(k) the linear
matter power spectrum.
3.2 Quantification of the post-Born corrections
In order to explicitly compute the post-Born corrections to
the skewness, let us first express the gravitational potential
φ in Fourier space as
φ(θ, z) =
∫
dk
(2pi)3/2 φ˜(k, z)e
i(k⊥ · θ+krχ(z)), (33)
which can be related to the density field via a Fourier trans-
form of equation (9) so that at first order
φ˜(1)(k, z) = 2
k2
D+(z)δ˜(1)mass(k). (34)
From there, one can easily get the terms φ(1),ab(θ, z)φ
(1)
,ab(θ, z
′)
and φ(1),aab(θ, z)φ
(1)
,b (θ, z
′) entering the post-Born corrections
in equations (24) and (27). First, the contraction of second
derivatives can be written
φ
(1)
,ab(θ, z)φ
(1)
,ab(θ, z
′) = 4(2pi)3
∫
dkdk′
[
(k ·k′)2
k2k′2
]
ei(k⊥+k
′
⊥) · θ
× ei(krχ(z)+k′rχ(z′))D+(z)D+(z′)δ˜(1)mass(k)δ˜(1)mass(k′), (35)
where the small-angle (Limber) approximation k2⊥ ∼ k2 was
used. Similarly, the contraction of third and first derivatives
in the geodesic deviation reads
φ
(1)
,aab(θ, z)φ
(1)
,b (θ, z
′) = 4(2pi)3
∫
dkdk′
[
k ·k′
k′2
]
ei(k⊥+k
′
⊥) · θ
ei(krχ(z)+k
′
rχ(z
′))D+(z)D+(z′)δ˜(1)mass(k)δ˜(1)mass(k′). (36)
Equations (35) and (36) have the same structure. We thus
try and gather them using the kernel
G(k,k′, z′, z′′) = D0(z
′)
D0(z′′)
k ·k′
k′2
+ (k ·k
′)2
k2k′2
, (37)
such that the corrective terms defined in equations (24) and
(27) can be jointly written as
κ(2)corr(θ, z) = −12
4
(2pi)3
∫ z
0
dz′
H(z′)ω(z
′, z)
∫ z′
0
dz′′
H(z′′)ω(z
′′, z′)∫
dkdk′G(k,k′, z′, z′′)ei((k⊥+k
′
⊥) · θ+krχ(z)+k′rχ(z′))
D+(z′)D+(z′′)δ˜(1)mass(k)δ˜(1)mass(k′). (38)
From there, the computation of the post-Born correction to
the third order moment is very similar to that of the usual
skewness. We first make use of Wick’s theorem to simplify
the integrand appearing when plugging equation (38) into
(30)∫
dk1dk2dk3dk4
〈
δ˜(1)mass(k1)δ˜(1)mass(k2)δ˜(1)mass(k3)δ˜(1)mass(k4)
〉
G(k3,k4, z′′, z′′′)eik3 · r
′′(z′′)eik4 · r′′(z′′′)eik1 · r(z)eik2 · r′(z′) =∫
dk1dk2Pl(k1)Pl(k2)G(k1,k2, z′′, z′′′)eik1 · r
′′(z′′)eik2 · r′′(z′′′)
×
[
e−ik1 · r(z)e−ik2 · r′(z′) + e−ik1 · r′(z′)e−ik2 · r(z)
]
+
∫
dk1dk2Pl(k1)Pl(k2)
(
1− D0(z
′′)
D0(z′′′)
)
× ei(k1 · r′′(z′′)−k1 · r′′(z′′′))ei(k2 · r(z)−k2 · r′(z′)), (39)
where r(z) = (χ(z), θ). Then filtering the field with an open-
ing angle of θ and integrating over the radial wave vectors
we get∫
dk1dk2dk3dk4
〈
δ˜(1)mass(k1)δ˜(1)mass(k2)δ˜(1)mass(k3)δ˜(1)mass(k4)
〉
G(k3,k4, z′′, z′′′)eik3 · r
′′(z′′)eik4 · r′′(z′′′)eik1 · r(z)eik2 · r′(z′) =
(2pi)2
∫
d2k1d2k2Pl(k1)Pl(k2)G(k1,k2, z, z′)
W (|k1D0(z′′) + k2D0(z′′′)|θ)W (k1D0(z)θ)W (k2D0(z′)θ)
δD(χ(z′′)− χ(z))δD(χ(z′′′)− χ(z′)) + perm(z ↔ z′). (40)
Making the change of variable k1D0(z′′) → `1 and
k2D0(z′′′) → `2 allows us to express the correction to the
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third order moment as〈(
κ(1)
)2
κ(2)corr
〉
θ
= − 4(2pi)4
∫ z
0
dz′
H(z′)ω(z
′, z)2
∫ z′
0
dz′′
H(z′′)
ω(z′′, z)ω(z′′, z′)D+(z′)2D+(z′′)2
∫
d`1d`2
[D0(z′)D0(z′′)]2
Pl
(
`1
D0(z′)
)
Pl
(
`2
D0(z′′)
)
H(`1, `2)W (`1θ)W (`2θ)W (|`1 + `2|θ), (41)
where 3
H(`1, `2) =
`1 · `2
`22
+ (`1 · `2)
2
`21`
2
2
. (42)
Using the following properties (Bernardeau 1995) of the
2D top-hat window function where ϕ is the angle between
the two wave-modes `1 and `2∫ 2pi
0
dϕW (|`1 + `2|)
[
1− cos2(ϕ)
]
= piW (`1)W (`2) , (43)
∫ 2pi
0
dϕW (|`1 + `2|)
[
1 + cos(ϕ) `1
`2
]
= 2piW (`2)
[
W (`1) +
`1
2 W
′ (`1)
]
, (44)
and plugging them in equation (41) finally yields
〈
κ3corr
〉
θ
= − 48(2pi)2
∫ zs
0
dz′
H(z′)ω(z
′, zs)2
∫ z′
0
dz′′
H(z′′)ω(z
′′, zs)
ω(z′′, z′)D+(z′)2D+(z′′)2
∫
d`1d`2
[D0(z′)D0(z′′)]2
Pl
(
`1
D0(z′)
)
Pl
(
`2
D0(z′′)
)
J1(`1θ)(J0(`1θ)− J2(`1θ))J1(`2θ)2
`2θ3
, (45)
where the subscript s now denotes the source plane. This
notation is introduced since no distribution of sources will
be taken into account. The generalisation is nevertheless
straightforward. The integral in equation (45) can then be
computed numerically.
For an opening angle θ = 10 arcmin we obtain the
correction on the skewness due to lens-lens coupling and
geodesic deviation shown in Fig. 2 (as a function of the
source redshift). Note that this is the correction to the so-
called tree-order skewness since we only consider the first
non zero term beyond the linear regime. The correction, for
this scale and up to high source redshifts, is shown to be very
small given the tree-order order skewness displayed in Fig. 3
(blue solid line), it barely reaches a few percents of the signal
at low redshifts. As expected, the correction becomes rela-
tively more important as the source redshift increases. In-
deed, the correction appears to be relatively constant in time
whereas the tree-order skewness value roughly decreases as
z−1.35s . The effect is thus proven to be more important at
high redshift, especially in the context of CMB lensing for
which the post-Born corrections have the same amplitude
as the signal itself and tend to make the field even more
3 As expected, the kernel H does not have any residual redshift
dependence (which is a consequence of ) and is null for `1+`2 = 0.
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Figure 2. Leading order correction to the skewness induced by
lens-lens couplings and geodesic deviation. The field is filtered in
top-hat window of angular radius θ = 10 arcmin and we plot the
evolution of the correction with respect to the source redshift.
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Figure 3. Leading order skewness with (blue) and without (red)
considering the correction induced by lens-lens couplings and
geodesic deviation. The field is filtered with a top-hat window
of angular radius θ = 10 arcmin and we plot the evolution of the
skewness with respect to the source redshift.
Gaussian (with a skewness going roughly from 2 to 1 for the
aperture of 10 arcmin used here).
We also show in Fig. 4, in the case of a source at
zs = 1100 and an opening angle of θ = 10 arcmin, the con-
tribution to the skewness due to the couplings between the
lenses at redshift z and z′. This contribution is null when
the lenses are at the same redshift or one of them is at the
observer or the source i.e z′ = 0 or z = zs and peaks at
relatively low redshift (z, z′) ∼ (1.5, 0.7).
4 PDF WITH POST-BORN CORRECTIONS
Let us now incorporate the calculation of the skewness
with post-Born corrections performed in the previous sec-
tion into the one-point PDF of the convergence field. This
PDF has been modelled in the past using Edgeworth ex-
pansion and improved more recently with large-deviation
theory (Bernardeau & Valageas 2000; Munshi & Jain 2000;
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Figure 4. Contribution to the correction of the skewness from
couplings between lenses (including the so-called lens-lens cou-
pling and geodesic deviation) at redshift z and z′ for the CMB
convergence field and an aperture θ = 10 arcmin.
Valageas 2000; Barber et al. 2004; Munshi et al. 2014; Re-
imberg & Bernardeau 2018; Barthelemy et al. 2020) but no
post-Born corrections were included so far. The strategy to
adopt in this respect is not trivial. After a quick summary of
the large-deviation formalism to predict the one-point PDF
of cosmic fields, we first propose a naive approach which
may work when the corrections are small but fails when
they become more important because of the so-called cumu-
lant problem. Finally, we investigate a new method in line
with the very spirit of large-deviation theory, which proves
to successfully predict the convergence PDF especially for
large post-Born corrections as is the case in the context of
CMB lensing.
4.1 One-point PDF without 2nd order corrections
Let us first remind the very basics of large deviation the-
ory in the context of cosmic structure formation. A random
variable ρ – admitting a PDF Pρ(ρ, σ2) where σ2 is called
the inverse driving parameter which is the variance of the
field in our case – is said to follow a large deviation principle
if the following limit exists
Ψρ(ρ) = − lim
σ2→0
σ2 log(Pρ(ρ, σ2)). (46)
It therefore defines Ψρ(ρ), the rate function characterising
the exponential decay of the distribution of values for ρ in
the limit where the inverse driving parameter (variance in
our case) of the field is small.
The existence of a large deviation principle for ρ implies
that the scaled cumulant generating function (SCGF) ϕρ is
given through Varadhan’s theorem as the Legendre-Fenchel
transform of the rate function
ϕρ(y) = sup
ρ
[yρ−Ψρ(ρ)], (47)
where the Legendre-Fenchel transform reduces to a simple
Legendre transform when Ψρ is convex. In that case,
ϕρ(y) = yρ−Ψρ(ρ), (48)
where ρ is a function of y through the following stationary
condition
y = ∂Ψρ
∂ρ
. (49)
Let us also remind that this SCGF is a re-scaling, when the
inverse driving parameter goes to zero, of the usual cumulant
generating function (CGF) φρ defined as
φρ(y) = log
[∫ +∞
−∞
eyρPρ(ρ, σ2)dρ
]
, (50)
and we have
ϕρ(y) = lim
σ2→0
σ2φρ
(
y
σ2
)
. (51)
Thus plugging equation (46) in equation (50) one can check
that Varadhan’s theorem is a saddle point approximation
which becomes exact in the limit of zero variance. As such,
one key point of the application of large deviation theory in
the context of cosmic structure formation is to extrapolate
these asymptotic results to finite values of the variance, thus
left as a free parameter since the theory does not strictly
speaking enable its computation. Hence, one wants to get
an estimate of the CGF – dropping the limit and inversing
equation (51) – from the exact computation of the SCGF
and finally go back to the field PDF.
Another consequence of the large-deviation principle,
very useful in the cosmological context, is the so-called con-
traction principle. This principle states that if we consider a
random variable τ related to ρ through the continuous map
f then its rate function can be computed as
Ψρ(ρ) = inf
τ :f(τ)=ρ
Ψτ (τ). (52)
This formula is called the contraction principle because f
can be many-to-one. In other words, there might be many τ
such that ρ = f(τ), in which case we are contracting infor-
mation about the rate function of τ down to ρ. In physical
terms, this formula is interpreted by saying that an improb-
able fluctuation of ρ is brought about by the most probable
of all improbable fluctuations of τ . Hence, the rate function
of the late-time density field can be computed from the ini-
tial conditions if the most likely mapping between the two
is known, that is if one is able to identify the leading field
configuration that will contribute to this infimum.
In spherically symmetric configurations (for instance
mean cosmic densities in spheres of a given radius), one
could conjecture (Valageas 2002) that the most likely map-
ping between initial and final conditions is spherical collapse
for which an accurate parametrisation is given by
ζ(τ) =
(
1− τ
ν
)−ν
, (53)
where ν may be chosen so as to reproduce the tree-order
skewness ν = 21/13.
Note that spherical collapse is equivalent to tree-order
perturbation theory (Bernardeau 1992) but we get all cu-
mulants at once (there is no truncation at some order in the
hierarchy of cumulants). This property is essential to capture
the tails of the distribution. This is to be contrasted with
Edgeworth-like expansions that truncate the expansion at a
given order and are therefore very inaccurate in the tails.
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Hence, starting from Gaussian initial conditions4 one
can compute i) the initial rate function which is nothing
but a quadratic function of the linear density contrast, ii)
the late-time rate function using the contraction princi-
ple given by equation (52) and iii) the SCGF from equa-
tion (47). From this SCGF, one can then compute the cu-
mulant generating function for infinitesimal slices of density
and when neglecting deviations from the Born approxima-
tion and lens-lens couplings one can apply the projection
formula in Barthelemy et al. (2020) to eventually obtain the
SCGF of the convergence field
ϕκ(y)=
∫ χs
0
dχ
〈
κ(1)
2
〉
θ〈
δ(1)
2
slice
〉ϕslice
ω(zs, z)
〈
δ(1)
2
slice
〉
〈
κ(1)
2〉
θ
y, z
, (54)
which then translates (inversing equation (50)) into the one-
point convergence PDF via an inverse Laplace transform
Pκ(x) =
∫ +i∞
−i∞
dy
2pii exp
(
−yx+ ϕκ(yσ
2
κ)
σ2κ
)
. (55)
In equation (55), and in accordance with the fact that we
extend the theory to finite values of the inverse driving pa-
rameter, the non-linear variance of the convergence σ2κ is
obtained by some other mean, for example from a Halofit
power spectrum (Takahashi et al. 2012). For more details,
we refer the readers to Barthelemy et al. (2020).
Using this approach boils down to constructing a PDF
based on all the tree-order cumulants of the convergence.
One could for example see it as an infinite Edgeworth ex-
pansion in which all cumulants are computed at tree order
in perturbation theory and as such, follow a well-known hi-
erarchy as they scale as Sn ∝ σ2(n−1)(Fry 1984). Therefore,
when using this method, it makes sense to compute the tree-
order correction to the skewness arising from deviations to
the Born approximation, at least in regimes where these cor-
rections are significant (notably at high redshift, see Fig. 3),
but less so for higher order cumulants since next-to-leading
contributions to the skewness are of the same order as the
tree-order kurtosis.
Let us emphasise that the construction from large devi-
ations makes sense from a mathematical point of view since
it allows us to construct a PDF in a rigorous sense. Indeed,
as the CGF is computed from a simple mapping of an ini-
tial Gaussian random variable before being inverse Laplace
transformed, the output is indeed a function that has all the
good properties of a PDF namely being positive and nor-
malised. This large-deviation PDF is also meaningful from
a physical point of view since everything it encodes has a
physical origin (tree-order perturbation theory and not a
phenomenological prescription). Strictly speaking, this the-
ory is exact in the limit of zero variance. The extrapolation
to small non zero values is then performed without prior
knowledge on the range of validity one can reach. Fortu-
nately, it has been shown to probe accurately the mildly
non-linear regime up to rather surprisingly small scales (few
megaparsecs corresponding to a typical amplitude of den-
4 Primordial non-Gaussianities could also straightforwardly be
accounted for in this formalism as shown by Uhlemann et al.
(2018).
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Figure 5. Modified mapping of a slice to account for post-Born
corrections to the CMB convergence skewness (red) compared
to the uncorrected spherical collapse dynamics (blue) given in
equation (53). The corrections are introduced by changing the
mapping globally and for a source redshift zs = 1100 and an
opening angle θ = 10 arcmin (ν goes from 1.4 to 6.7).
sity fluctuations of σ . 1), relying on numerical simulations
(Uhlemann et al. 2016; Barthelemy et al. 2020). As a conse-
quence, corrections arising from post-Born effects need only
be computed for the tree-order skewness and included as
such in the formalism.
4.2 A "large deviationesque" approach to the
post-Born convergence PDF
As was shown in the previous section, the physics of this
large deviation approach of cosmic structure formation is
entirely contained in the mapping from the field initial con-
ditions to its late-time counterpart and thus any modifica-
tion that one would want to incorporate should only be at
the level of the mapping itself. Appendix C1 shows how a
more naive approach where the cumulants are directly mod-
ified in the late-time SCGF to incorporate corrections on
the skewness is not a well-defined mathematical construc-
tion and induces unphysical behaviour. We therefore stick to
the strategy mentioned before, namely a modification of the
mapping itself. Note that this modification of the mapping
should be done with care so as not to introduce any spurious
critical points where the new rate function ceases to be con-
vex – in the sense that they would for example emerge from
a truncated mapping series expansion –, in which case the
shape of the PDF could be greatly affected. Since the effect
of the post-Born corrections on the skewness is subdomi-
nant for the convergence with respect to the total collapse
dynamics in the cone, we might thus want to consider a
modification of the implicit "conical" collapse driven by the
parameter ν. In this case, we keep the functional form of
the 2D spherical collapse for each slice and find an overall
effective ν modified for each of them. For a source redshift
zs = 1100 and an opening angle θ = 10 arcmin for which the
post-Born corrections are important, we plot in Fig. 5 how
the effective dynamics is affected. This change of effective
mapping will also impact the value of the higher order cumu-
lants (kurtosis and beyond) but in a meaningful, or at least
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Ωm ΩΛ Ωcdm Ωb h σ8 ns
0.279 0.721 0.233 0.046 0.7 0.82 0.97
Table 1. Cosmological parameters used to run the simulations
used in this paper.
mathematically consistent, way since there are now deduced
at the level of the new mapping and so that issues (nega-
tive values, mis-normalisation) described in the appendix
C1 are avoided. Moreover, since this new construction also
respects the cumulant hierarchy we can safely expect that
the higher-order cumulants will at least have the good order
of magnitude except maybe for highly non-linear regimes if
this hierarchy does not apply.
4.3 Application to CMB lensing
We showed in Figs. 2 and 3 that the Post-Born corrections
in the context of weak lensing experiments with sources of
low redshift, zs ≤ 3−4, will not be of the utmost importance
and it was already showed in Barthelemy et al. (2020) that
those corrections do not, at the level of the PDF, impact
the quality of the prediction especially when one makes use
of a nulling strategy (Bernardeau et al. 2014b). However,
since the value of the tree-order correction to the skewness
is nearly constant and close to Scorr3,κ ≈ −1 and the (uncor-
rected) tree-order convergence skewness roughly decreases
as ≈ z−1.35s , depending on the precision one may need there
is always a regime for which it might be mandatory to in-
clude the correction to the PDF.
Here we will focus on CMB lensing (zs = 1100) where
the correction is of the order of the uncorrected skewness
and thus plays an important role. Following the conclusion of
Section 4.2, let us globally modify the spherical collapse pa-
rameter so as to reproduce the corrected convergence skew-
ness, plug this new parametrisation in the formalism de-
scribed in Section 4.1 and thus compute the one-point PDF
of the convergence field taking into account the post-Born
corrections. We will then compare the computed PDF at
source redshift 1100 for an opening angle of θ = 10 arcmin
to the one extracted from lensing simulated maps (for which
the measured standard deviation is σκ ∼ 0.036).
4.3.1 Simulated maps
The full-sky simulated maps were generated by Takahashi
et al. (2017) who generated 108 full-sky gravitational lens-
ing simulation data sets performing multiple-lens plane ray-
tracing through high-resolution cosmological N-body simu-
lations. A system of nested cubic simulation boxes have been
prepared to reproduce the mass distribution in the Universe
and placed around a fixed vertex representing the observer’s
position. They have been evolved in a periodic cosmologi-
cal N-body simulation following the gravitational evolution
of dark matter particles without baryonic processes where
initial conditions have been based on the second-order La-
grangian perturbation theory. The number of particles for
each box was 20483, making the mass and spatial resolutions
better for the inner boxes. It was checked that the matter
power spectra agreed with theoretical predictions of the re-
vised Halofit and ray-tracing was performed using the pub-
lic code graytrix which follows the standard multiple-lens
plane algorithm in spherical coordinates using the healpix
algorithm.
The data sets include full-sky convergence maps from
redshifts z = 0.05 to 5.3 at intervals of 150 Mpc h−1 comov-
ing radial distance and are freely available for download5. It
also includes convergence maps at the redshift of the CMB
which were generated making full use of the N-Body simula-
tion up to redshift ∼ 7 and generating a density field of the
earlier epochs based on linear power spectrum calculated us-
ing the Code for Anisotropies in the Microwave Background
(camb, Lewis & Bridle (2002)). The ray-tracing scheme was
then applied in the same fashion as for the other lensing
maps. Note that although the density field at epochs beyond
redshift 7 is very close to the linear regime for the scales we
consider, the method used by Takahashi et al. (2017) in-
evitably introduces some inaccuracies in the non-linearities
of the density field and a fortiori the convergence field. How-
ever, we checked using tree-order perturbation theory that
the error induced on the non linear convergence skewness
at redshift 1100 and opening angle of 10 arcmin is only
∼ 2%. This can for example be seen in Fig. C2. To the best
of our knowledge these full-sky simulations are nonetheless
state-of-the-art. The adopted cosmological parameters are
consistent with the WMAP-9 year result as shown in Table
1. The pixelization of the full-sky maps follows the healpix
ring scheme with resolution of about 0.86 arcmin. They were
convolved with a top-hat angular window function of the de-
sired radius and we measure the non-linear variance directly
in the maps. Remember that this non-linear variance is a free
parameter of the theory and used as input in equation (55).
Finally the error bars on the measured PDFs and higher
order cumulants are estimated via the dispersion (standard
deviation) amongst the 23 different realisations we consid-
ered. Note that the number 23 of realisations used to get
accurate measurements was chosen after seeing that adding
more realisations does not affect the values nor the size of
the error bars (from 10 to 23 realisations, the mean is shifted
typically by one percent and the error bar changes by a few
percents in the displayed range of opening angles).
4.3.2 Comparison between predicted PDF and simulations
Fig. 6 – the main result of this paper – shows the predicted
PDF compared to the one measured in the simulations. The
first thing worth noting is that the simulated cosmic vari-
ance is relatively large as can be seen from the size of the
error bars for both the tails of the PDF and the higher-order
cumulants on their own6. Nevertheless the need for going
beyond Born-approximation is clear when one looks at the
residuals of Fig. 6 (red points) that significantly shows tens
of percents deviations between the simulation and the theo-
retical prediction without post-Born corrections, manifestly
driven by an order one error on the skewness (as the S-shape
5 http://cosmo.phys.hirosaki-u.ac.jp/takahasi/allsky_
raytracing/
6 Note that large-deviation theory provides us with a way to
compute the expected error bars including both the effect of shot
noise and cosmic variance, we refer the reader to Codis et al.
(2016b) for more details.
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Figure 6. One point PDF of the weak lensing convergence for an
opening angle of 10 arcmin as labelled. The source redshift is fixed
here to zs = 1100. Solid lines display the LDT predictions given
by equation (55) with (blue) and without (red) implementation of
post-Born corrections while the measurements on the simulated
sky is shown with error bars obtained from the standard deviation
between 23 realisations. Top panel: PDF in log scale to better
display the tails. Bottom panel: residuals of the simulated data
compared to the prediction.
suggests, being a well-known H3 modulation7). This obser-
vation strengthens our previous argument stating that tak-
ing into account the correction to the skewness is sufficient
to get an accurate PDF. This can be quantitatively assessed
by following the prescription described in Sect. 4.2. Once
post-Born corrections are accounted for (blue solid line),
the agreement between the theoretical formalism and the
measurement in the simulation is very good within the error
bars in the range of convergence probed that is to say in the
∼ 5σκ region around the mean. For negative values of the
convergence, there is no sign of any deviation from the pre-
diction and a subpercent accuracy is reached. On the other
hand, some hints of departures is seen in the high (positive)
convergence tail for which more accurate simulations would
be needed (at least for κ above ∼ 2σκ).
7 The H3 (third order Hermite polynomial) shape of the resid-
uals is typical of an incorrect skewness, the dominant term that
needs to be corrected for in the cumulant generating function and
eventually leading to the theoretical PDF. This H3 polynomial
notably appears as the leading correction to the Gaussian dis-
tribution in an Edgeworth expansion and is modulated by the
skewness term.
Overall, it is very reassuring and satisfying to see that
theoretical predictions and simulations agree within a per-
cent in a large range of values for the convergence, from
∼ −5σκ to 2σκ, a regime where both theory and simulations
have not been tested in details. For higher values of the con-
vergence field, it is difficult to draw any conclusion at this
stage with regards to either the accuracy of the prediction
or the validity of the simulated maps. Indeed though it is
clear that the theory tends to systematically under-predict
the expectation values of the PDF in the high tail, an ef-
fect which comes from the fact that the skewness itself is
under-predicted with respect to its simulated expectation
value, given the quite sizeable dispersion (cosmic variance
displayed as the error bars) one gets between the realisa-
tions, the fact that the simulation was not extensively tested
with non-Gaussian statistics or the fact that full-sky CMB
lensing simulation is still something rather hard to perform
we cannot exclude that some systematic comes from the sim-
ulation, nonetheless being state-of-the-art, itself. In any case
this paper boils down to constructing a tree-order conver-
gence PDF with some post-Born correction, it is thus not
excluded that one might in the future have to go to higher
order to get a more accurate prediction if needed.
To get a more precise idea of the effect of the cumulants
on the resulting PDF, let us also display separately the CMB
lensing skewness (Fig. 7) and kurtosis (Fig. 8) as a func-
tion of the opening angle. For the skewness, Fig. 7 compares
measurements in the simulated maps (blue points with error
bars given by the dispersion among the mock data) to the
prediction from large-deviation theory with (blue solid line)
and without (red solid line) post-born corrections. For suffi-
ciently large opening angles (θ & 10 arcmin), the post-Born
corrected prediction is in full agreement with the simula-
tions. At smaller scales, deviations start to appear and the
measured value of the skewness overshoots the prediction,
an effect which might be due to non-linearities and proba-
bly call for additional (higher order) corrections. Note that
the previous remark made for the PDF still apply for the
skewness itself and we are thus prevented from testing very
precisely (below a few tens of percents) the prediction. When
comparing theory and simulated data, let us keep in mind
that the error bars for different angular scales are highly cor-
related, so that overall there is no significant deviation of the
measurements from the prediction. It nonetheless would be
very interesting to test in more details the numerical sim-
ulation used here although this is not the purpose of this
paper.
As for the kurtosis, Fig. 8 displays the measurements
from the simulations against the tree-order prediction with-
out post-Born corrections (red). In addition, we overlay in
blue the value of the kurtosis in the formalism developed in
this paper that is to say when post-Born corrections to the
skewness are accounted for by modifying the collapse param-
eter in the large-deviation formalism. Hence, the red line in
Fig. 8 comes from a physical formalism - large deviation the-
ory witch a meaningful 2D spherical collapse - but without
any post-Born corrections while the blue-line is only a con-
sequence of a correction of the spherical collapse parameter
only meaningful for the skewness. Interestingly, the resulting
correction to the kurtosis does not lead to completely unre-
alistic values (which could have been a real worry and would
have made our model unworkable, notably in the tails) and
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Figure 7. Convergence skewness of the CMB with respect to
the opening angle of the top-hat smoothing applied. In red (resp.
blue) is the skewness evolution as computed from large deviation
theory without (resp. with) taking into account post-Born cor-
rections. The measured points are from the 23 simulated maps
(mean of the 23 realisations) described in the main text and error
bars represent their standard deviation around the mean.
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Figure 8. Convergence kurtosis of the CMB with respect to the
opening angle of the top-hat smoothing applied. In red is the kur-
tosis evolution as computed from large deviation theory without
taking into account post-Born corrections while in blue these cor-
rections are taken into account via a modification of the collapse
parameter in (53) to match the corrected skewness. The measured
points are from the 23 simulated maps (mean of the 23 realisa-
tions) described in the main text and error bars represent their
standard deviation around the mean.
even seems to go in the right direction, lowering the uncor-
rected value as it should. Given the quite large error bars
on the kurtosis, it is difficult to quantify precisely the error
we make on this cumulant (do we tend to slightly underes-
timate it for instance ?). At the level of accuracy of current
state-of-the-art CMB lensing simulations, such an effect is
completely within the error bars but it would be nonethe-
less interesting to compare to the tree order kurtosis with
post-Born corrections that one could obtain similarly to the
skewness but going to next order in the potential. This is
left for future works.
5 CONCLUSION AND DISCUSSION
In this paper, we have computed explicitly within perturba-
tion theory, the leading post-Born corrections to the skew-
ness of the convergence field on mildly non-linear scales.
These corrective terms include the so-called lens-lens cou-
pling and geodesic deviation and are shown to be nega-
tive, therefore reducing the level of non-Gaussianity. Even
though the correction is small at low redshift as expected,
it becomes comparable to the signal at higher redshift, in
particular in the context of CMB lensing. Here for aper-
tures about 10 arcminutes, the skewness goes from roughly 2
when post-Born corrections are not accounted for to 1 when
they are included. We have then added this correction in a
prediction for the one-point distribution of the convergence
field obtained from large-deviation theory. In order to get a
meaningful model both from a mathematical and a physical
point of view, the post-Born correction was incorporated at
the level of an effective mapping rather than a corrective
term in the cumulant generating function which cannot be
modelled consistently (this is known as the cumulant prob-
lem in mathematics). The model obtained for the PDF of
the convergence field was successfully compared to ray trac-
ing simulations, achieving an accuracy below one percent
in the five (for negative convergences) to two (for positive
convergences) sigmas range around the mean of the distri-
bution for apertures larger than a few arcminutes. This is
very encouraging and provides us with a test of both CMB
lensing simulation – indeed the simulation used here has
its own limitations – and theory in a regime that has not
been investigated in details elsewhere (higher order statis-
tics on mildly non-linear scales). We have seen that post-
Born corrections at the CMB will become relevant in future
surveys (Marozzi et al. 2017) and we emphasised that the
lensing one-point PDF is one of the most interesting addi-
tional probes to power-spectra, being easy to measure from
lensing maps and containing a significant amount of infor-
mation (Liu et al. 2016). Indeed, specific forecasts for the
Stage-III Advanced Atacama Cosmology Telescope experi-
ment and Stage-IV surveys were performed and showed that
even taking into account noise consideration some level of
non-Gaussianity can still be measured on the convergence
PDF thus making our efforts to model it all the more rele-
vant.
In the future, it would be important to test different
numerical schemes and simulations (different ray tracing
strategies, resolutions, volumes, etc) and determine how con-
verged/robust is the numerical prediction, specifically in the
large convergence tail that may be prone to numerical arte-
facts as of today. This is however not the purpose of this
paper and remains a challenge in the near future given the
difficulty for running such simulations.
From a theoretical perspective, it would be of great in-
terest to also try and go beyond the skewness and be able
to incorporate post-Born effects in higher order cumulants,
for instance the kurtosis and the whole hierarchy of cumu-
lants that govern the tails, although it is not clear whether
the latter is within reach of first principle calculations. Such
investigation is left for future works.
Finally, let us emphasize that the strategy developed in
this paper to incorporate corrective terms into a model for
the distribution of a random variable was applied to the par-
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ticular case of CMB lensing convergence but is very general
and could be used also in other contexts. As an example,
one could try and go beyond the tree-order matter density
PDF prediction derived in Bernardeau (1992); Bernardeau
et al. (2014a); Uhlemann et al. (2016) and add a corrective
term to the skewness that would account for its one-loop
contribution and therefore might allow us to enlarge the do-
main of applicability of the model towards possibly smaller
scales. This idea will be investigated elsewhere.
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APPENDIX A: THE SACHS EQUATION
Here, we rederive the Sachs equation (Sachs 1961) follow-
ing some elements from Bernardeau et al. (1997) with some
more details for the sake of clarity. We use the signature
(−1, 1, 1, 1) and the Einstein’s summation convention. Note
that the derivation proposed here does make use of the usual
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thin light-beam approximation. It is remarkable that this
approximation can be lifted (Fleury et al. 2017, 2019a,b)
and although this does not change the range of validity of
usual weak-lensing derivations, it does make the link be-
tween so-called weak and strong lensing formalisms.
First, let us consider two nearby geodesics xµ(λ) and
xµ(λ) + ξµ(λ) that lie in the past light cone of an observer
O and are connected by a vector field ξµ. λ parametrises
the geodesics in such a way that we assume the same value
at the observer, λO = 0. This allows us to define the wave
vector of the photons kα = dxα/dλ which obeys the geodesic
equation
Dkµ
Dλ
≡ kα∇αkµ = 0, (A1)
where the covariant derivative along the geodesic D/Dλ is
expressed below in terms of partial derivatives and Christof-
fel symbols once a coordinate system is chosen. We consider
rays with infinitesimal separation and thus the separation
vector lies on the null surface ξµkµ = 0 everywhere along
the geodesic. In the following we will demonstrate the evo-
lution equation for the separation vector field ξµ. First let
us notice that given an arbitrary coordinate system
Dξµ
Dλ
= kν∇νξµ,
= ddλξ
µ + Γµαβk
αξβ ,
= kµ(x+ ξ)− kµ(x) + Γµαβkαξβ ,
Dξµ
Dλ
= ξν∂νkµ + Γµαβk
αξβ = ξβ∇βkµ.
(A2)
Using this property, let us now obtain an equation of motion
for the separation vector
D2ξµ
Dλ2
= kα∇α
(
Dξµ
Dλ
)
= kα∇α
[
ξβ∇βkµ
]
,
= kα
(
∇αξβ
)
(∇βkµ) + kαξβ∇αβkµ,
= ξα
(
∇αkβ
)
(∇βkµ) + kαξβ∇αβkµ,
= ξα∇α
[
kβ∇βkµ
]
− ξαkβ∇αβkµ + kαξβ∇αβkµ,
= ξαkβ [∇βα −∇αβ ] kµ,
D2ξµ
Dλ2
= ξαkβRµνβαk
ν ,
(A3)
where the last line is obtained using the Ricci identity with
Rµνβα the Riemann tensor. This equation therefore describes
the evolution of a light bundle along its geodesic. For an ob-
server in O with 4-velocity vµO, the angle under which the
observer sees the geodesics is given by the components of
dξµ/dλ orthogonal to both kµ and vµO and it is consequently
convenient to define two spacelike vectors nµa , a = 1, 2, or-
thogonal to both kµ and vµO and orthonormal between them
that is gµνnνanµb = δab where gµν is the spacetime metric.
Moreover the subspace {nµ1 (λ), nµ2 (λ)} is called the screen
adapted to the observer. This allows us to define a basis at
the observer {nµ1 , nµ2 , kµ, vµO} which is extended to all space-
time by parallel transporting nµa and vµO along the geodesic.
nµa and vµO thus also satisfy geodesic equations such as equa-
tion (A1). As such for all λ one can decompose
ξµ = ξ0kµ +
∑
a=1,2
ξanµa + ξuvµO, (A4)
and noticing that the components along vµO is given by ξ
µkµ
being equal to 0 what remains is
ξµ = ξ0kµ +
∑
a=1,2
ξanµa . (A5)
Plugging this decomposition into equation (A3) leads to
D2ξµ
Dλ2
= Rµναβξ
anβak
αkν +Rµναβξ
okβkαkν , (A6)
where the second term is null because Rµναβ is anti-
symmetric in αβ while kαkβ is obviously symmetric. Thus
projecting the equation along the spatial basis nµa remem-
bering that it can enter the derivative because Dnµa/Dλ = 0
we obtain an evolution equation for the components ξa
d2ξa
dλ2 = R
a
bξ
b, (A7)
where the symmetric tensor Rab, called optical tidal tensor
in what follows, is defined by
Rab ≡ Rµνρσkνkρnµanσb . (A8)
Since equation (A7) is linear it is clear that there exists
a relation between ξa(λ), ξa(0) = 0 and dξa/dλ(0) = θaO
written in the form
ξa = DˆabθbO. (A9)
Note that θaO is the vectorial angle seen by the observer be-
tween the two geodesics. Dˆab is thus the fundamental object
we are looking for in lensing, completely describing what we
observe, that is the angle (image) we see as opposed to the
image on the virtual screen moving along the geodesic as
defined earlier. We call it the deformation matrix. Finally,
plugging equation (A9) into equation (A7) leads to a funda-
mental equation, the Sachs equation, allowing us to compute
Dˆab
d2
dλ2 Dˆab = R
c
a Dˆcb. (A10)
In the case of a non perturbed spacetime, it is clear that the
deformation matrix in equation (A9) is the angular distance
multiplied by the identity matrix. Since this distance is usu-
ally expressed in its comoving version we find convenient to
rewrite equation (A10) as
d2
dλ2 a(z)Dab = a(z)R
c
a Dcb (A11)
with Dab(0) = 0 and dDab/dλ(0) = δab and where δab is the
identity matrix. These conditions express that the geodesics
are focused at the observer and that spacetime near the
observer is Euclidean.
APPENDIX B: POST-BORN CORRECTIONS
OBTAINED FROM FERMAT’S PRINCIPLE
Let us start by noticing that at the level of a flat FLRW
background, the infinitesimal comoving separation distance
in some direction θ at some comoving radial distance χ
MNRAS 000, 1–17 (2020)
Post-Born convergence PDF 15
x(θ, χ) between two geodesics converging at the observer
is equal to the comoving radial distance χ as stated in equa-
tion (14). This implies that
d2x
dχ2 = 0, (B1)
which could also be seen as (A7) written for the background.
We now want to include some density perturbations in the
propagation equation (B1). If one assumes that the Newto-
nian potential Φ is small compared to c2 and that the typical
scales over which Φ changes significantly are much smaller
than the curvature scale of the background then according
to Fermat’s principle each light ray is deflected from its un-
perturbed path by the transverse gradient of the potential
it passes through. Since any physical fiducial ray will be de-
flected by potential gradients along its way the right-hand
side of equation (B1) must thus contain the difference of the
perpendicular potential gradients between the two rays to
account for the relative deflection of the two rays
d2x
dχ2 = −
2
c2
∆[∇⊥Φ(x(θ, χ), χ)]. (B2)
This can be solved in a similar fashion as the optical Sachs
equation (2) in the main text and one gets
x(θ, χs) = D0(zs)θ − 2
c2
∫ χs
0
dχD0(zs − z)
∆[∇⊥Φ(x(θ, χ), χ)]. (B3)
Note that contrary to the main text, the transverse gradient
operator is here expressed in comoving coordinates. Then
going back to the deformation matrix Aij = Dij/D0 one
gets
Aij(θ, χs) = δDij − 2
c2
∫ χs
0
dχD0(zs − z)D0(z)D0(zs)
Φ,ik(x(θ, χ), χ)Akj(θ, χ). (B4)
The last expression is then explicitly obtained by expanding
in parallel Aij = δDij + A(1)ij + ... and x(θ, χs) in powers of
Φ. This last expansion corresponds to dropping the Born-
approximation since the zeroth order of x(θ, χs) gives in
the previous integral the unperturbed light trajectory while
further expanding accounts for the "real" position of lenses.
The details of the computation are very similar to what was
done in the main text. After some algebra, one eventually
finds
A
(2)
ij (θ, χs) =
4
c4
∫ χs
0
dχD0(zs − z)D0(z)D0(zs)
∫ χ
0
dχ′D0(z− z′)[
Φ,ijl(D0(χ))Φ,l(D0(χ′)) + D0(χ
′)
D0(χ) Φ,ik(χ)Φ,kj(χ
′)
]
, (B5)
which is strictly equivalent to what was found in the main
text.
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Figure C1. Example of an ad hoc PDF obtained "by hand" after
a modification of the skewness using the fast and dirty approach
of section C1 that is to say by modifying the cumulant generat-
ing function directly. The solid line shows the positive values of
the PDF while dashed lines represent the negative values. It is
clear that the resulting function displayed on this figure does not
possess the elementary mathematical properties of a PDF such
as being positive. The highly oscillatory behaviour in the tails is
also unphysical unlike what can be typically obtained using large
deviation theory.
APPENDIX C: SUB-OPTIMAL APPROACHES
TO THE POST-BORN PDF
C1 The fast (and dirty) approach
The SCGF whose successive derivatives in zero define the
scaled cumulants such as the skewness S3 and the kurtosis
S4 can be expressed as
ϕκ(y) =
+∞∑
n=0
Sn
yn
n! . (C1)
Since this is the key prediction from large deviation theory,
and given that we only want to modify S3 for post-Born
effects, one attractive option could be to add the post Born
correction by hand directly in the SCGF with the following
prescription
ϕcorrκ (y) =
+∞∑
n=0
Sn
yn
n! + S
corr
3,κ
y3
6 . (C2)
This strategy is found to work well for small corrections
to the skewness (as is the case when including primordial
non-Gaussianities for instance, see Friedrich et al. (2019)).
However this is a shaky construction from a mathematical
point of view since there is absolutely no guarantee that the
newly defined sequence of cumulants actually corresponds to
a random variable, in other words that this new function has
all the good properties of a SCGF, in particular to be a PDF
once inverse Laplace transformed (positive, normalised, etc).
This issue is known as the cumulant problem, which states
that there is currently no known set of (in)equalities that
constrain how any infinite 8 sequence of real numbers can
8 A sequence of two numbers, the second being strictly positive,
always corresponds to a Gaussian, otherwise a cumulant generat-
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represent the sequence of cumulants of a random variable
(11th problem in Rota (2001)).
This can also be hinted using standard results of pertur-
bation theory by showing that the cumulants are all inter-
dependent and thus one cannot simply modify one with-
out touching consistently the others. Indeed it was showed
(Bernardeau 1995; Bernardeau et al. 2002) that the reduced
cumulants Sn as given by the spherical collapse model (i.e
at tree order) are all expressed as a function of the so-called
vertices νi of order i = n and less. These vertices appear
in the spherical collapse model as the Taylor coefficients of
the collapse dynamics seen as a mapping between the non-
linear (late-time) density and the initial density contrast.
For example the skewness and kurtosis at tree order read9
S2D3 (R) = 3ν2 +
3
2
d log(σ2(R))
d log(R) ,
S2D4 (R) = 4ν3 + 12ν22 + (14ν2 − 2) 32
d log(σ2(R))
d log(R)
+ 214
(
d log(σ2(R))
d log(R)
)2
+ d
2 log(σ2(R))
d log(R)2 ,
(C3)
in a 2D slice of radius R and where the values of the ver-
tices νn are tabulated for the exact 2D spherical collapse
(ν2 = 12/7, ν3 = 29/7, etc). This illustrates the need for a
joint modification of all cumulants simultaneously in order
to get a consistent modelling of the full one-point statis-
tics. If one changes the value of the skewness (to correct
for the post-Born effects for instance), one could change ac-
cordingly the value of the other cumulants so as to keep the
interpretation in terms of an underlying mapping (or vertex
structure). Let us finally show a concrete example of the is-
sue with Fig. C1 which displays the result one would obtain
when trying to alter the skewness in an arbitrary PDF10
using this approach. It is clear that this function, although
each successive integral yields the correct values of the cumu-
lants (this is actually used to check that the inverse Laplace
transform was performed successfully), cannot be considered
a correct PDF since displaying negative values and a highly
oscillating behaviour in the tails unless what large deviation
theory typically produces. In order to avoid this issue, we
abandon this strategy and propose another approach in the
next section which allows us to get meaningful predictions
from a mathematical and physical point of view.
C2 Post-Born effect on each lens
What actually ensures that our PDFs are indeed PDFs is
the formal construction from large deviation theory where
all the cumulants are obtained from a "most probable" map-
ping between the initial conditions of the field and the field
at late time. The approach followed in Barthelemy et al.
ing function must contain an infinite number of non zero cumu-
lants, the variance always being a strictly positive value.
9 Note that this is strictly valid only in the case of an Einstein-
de-Sitter background but found to be an excellent approximation
for standard FLRW cosmology.
10 Here, we choose the PDF of the convergence for a source red-
shift zs = 1 and aperture θ = 10 arcmin for which we substracted
70 to the original skewness of 77.
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Figure C2. Absolute contributions to the convergence skewness
coming from each slice and from the 2D spherical collapse dy-
namics (blue) and the post-Born corrections (red). Dashed line
represent negative values. Here the contributions are shown for
a source redshift of zs = 1100 and an opening angle of θ = 10
arcmin.
(2020) consists in the description of an implicit mapping be-
tween the initial convergence field and the final field where
the mapping is built from the dynamics of the underlying
density field, however it is effectively simply a formal map-
ping for the convergence. Therefore, since taking into ac-
count post-Born corrections must in a sense be equivalent
to finding a more appropriate mapping, we can change the
mapping of the underlying density field to ensure that it ef-
fectively encompasses those corrections for the convergence.
Another method than used in the main text could con-
sist in modifying, for each density slice that makes the con-
vergence, the value of the 2D spherical collapse parameter
ν in equation (53) so as to reproduce the tree-order cor-
rected convergence skewness instead of the uncorrected one.
In physical terms, changing the mapping along the line-of-
sight would account for the fact that close lenses act as a
deformation of background lenses and thus alter the collapse
the observer sees. Indeed, the correction displayed in equa-
tion (45) can be seen as a line-of-sight correction to the third
cumulant of each density slice and thus a correction of the
collapse parameter ν. Thus if one sees the correction as the
integral of some function F (z, zs),〈
κ3corr
〉
θ
=
∫ zs
0
dz
H(z)F (z, zs), (C4)
and uses equation (14) of Barthelemy et al. (2020) to get the
uncorrected tree-order skewness, one can write the corrected
convergence as〈
κ3
〉
θ
=
∫ zs
0
dz
H(z)ω(z, zs)
3
(〈
δ3
〉
+ F (z, zs)
ω(z, zs)3
)
, (C5)
where
(〈
δ3
〉
+ F (z, zs)/ω(z, zs)3
)
will lead to the new skew-
ness value of the slice and hence the corrected collapse pa-
rameter. Note that since F (z, zs) is itself an integral from the
observer to the slice it indeed states how foreground lenses
affect each density slice. However for the mapping to make
sense in each slice along the line-of-sight, that is keeping
the functional of the spherical collapse, it is mandatory that
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the collapse dynamics still dominates over the post-Born
corrections, in other words that the contribution to the con-
vergence skewness coming from the gravitational collapse
in each slice is more important than the one coming from
the integrand of equation (C4). Indeed, it would not make
sense to keep the functional describing collapse dynamics as
written in equation (53) if it is not anymore the dominant
effect.
We plot in Fig. C2 the contribution to the skewness of
each slice depending on the redshift of the slice for a source
redshift zs = 1100 and an opening angle θ = 10 arcmin. This
plot shows that the contribution from the post-Born effects,
although overall subdominant, dominates the dynamics of
the slices for a large fraction of the line-of-sight. This leads
to negative values of ν in many slices which totally changes
the shape of a the mapping. As such, although this approach
and the one displayed in the main text would give rather
similar PDFs – same mean, variance and skewness –, keeping
the (modified) spherical collapse mapping for all the slices
would not make any sense and would lead, from a physical
point of view, to an overall bad construction.
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